It is well-known that there is an intimate connection between the RadonNikodym property and martingale convergence in a Banach space.
verges in measure.
Since C is not assumed to be metrizable, it is appropriate to use martingales indexed by an arbitrary directed set~ and not restrict attention to sequential martingales. Similarly, C is said to have the Radon-Nikodym property iff every vector-valued measure defined on a probability space with average range in C has a derivative which has sufficiently strong measurability properties.
The one-dimensional example of an open interval shows that the two properties are no longer equivalent. Theorem 2.4 describes the connection between the two notions.
This paper is also concerned with an ordering on the tight probability measures on a bounded convex set C . The ordering ~ , which has been called "comparison
The attentive reader will notice that the assumption of convexity is hardly ever used in an essential way, so that most of what appears below has a reformulation for nonconvex sets C . I have not included such reformulations here.
The paper has two sections. The first is preliminary; the results there are either substantially known or straightforward, so most proofs are omitted. The second section contains the main results of the paper, including those mentioned above; proofs are given in this section.
1.
If T is a completely regular Hausdorff space~ we will write ~(T) for the Banach space of all bounded continuous real-valued functions on T . We will be interested in several subsets of the dual ~(T)* in its weak* topology. First,
Pf(T) = IS E ~(T)*: (~,i> = i , ~ ~ O) ;
this can be identified with the set of finitely-additive regular probability measures on the algebra generated by the zero sets [18, p. 165] ; the identification (and similar ones below) will be made whenever convenient. Note that ~f(T) is and x E E , we say that x is the resultant of , and write x = r(~) , iff for every f E E* , we have (~,f) = f(x) . The set C will be called d-convex [resp. s-~t-~-~-~f-convex] iff for every E Pd(C) [resp. Ps(C)~ etc.]~ there exists r(~) E C . Note that d-convex is the same as convex and that f-convex is the same as compact and convex. We will say that C satisfies condition (EC) iff the closed convex hull of a compact subset of C is a compact subset of C , i.e. if K ~ C is compact, then there is a compact convex set K 1 with K c_ K1 _c C .
The following is from F 8].
1.1 PROPOSITION.
(a) The set C satisfies condition (EC) if and only if~ for every measure ~ E Pf(C) with compact support~ the resultant r(~) exists in C .
(b) C is t-convex if and only if C is s-convex and satisfies condition
(EC).
It is easy to show that Px (T) Let C be a subset of a locally convex space E ~ and let (~,~,P) be a probability space. If ~: Q ÷ C is Borel measurable~ we define a Borel measure ~(P) on C by ~(P)(B) = P(~'I(B)) • We will write LO(~,~,P;C) for the set of all Borel measurable functions ~: ~ ~ C such that ~(p) ~ ~t(C) , i.e. for every Borel set B -~ C , and every ¢ > 0 , there is a compact set K ~-B with P(~-l(B)\~-l(K)) < e . For ~ ~ LO(~;C) , we will write x = ~A ~ dP iff f(x) = 3 f(~(~))dP(~) for all f ~ E* ; if such an element x exists for each A A ~ ~ ~ we will say that ~ is Pettis integrable.
(Elements ~ @ of L 0 should be identified iff they are weakly equivalent, i.e. f o ~ = f ° ~ a.e. for all f ~ E* , the exceptional set may depend on f .)
Let E be a locally convex space, let (~,~,P) be a probability space, and let m: ~ + E he a vector-valued measure. The P-average range of m is {m(A)/P(A): A E 3, P(A) > Ol • We say m is differentiable with respect to P iff there exists q E LO(~;E) such that m(A) = ] ~dP for all A 6 ~ ; in that A case we write q = dm/dP . A bounded subset C of E is said to have the RadonNiko~ property iff for any probability space (~P) and any measure m: ~ + E with m << P and average range contained in C , there exists dm/dP 6 L0(~,P;C) •
Here is the Radon-Nikodym theorem which will be used below. The basic form goes back to Grothendieck; the version given here can be found in [13, Theorem 4.9] • except for the assertion that dm/dp E L 0 • 1.2 THEOREM. Let C be a subset of a locally convex space E , let (~,~,P) be a complete probability spa ce~ and let m: ~ + E be a vector-valued measure << P .
Suppose that m almost has P-average range relatively compact in C . 
2.
Let E be a locally convex space~ and let C be a botmded convex subset (C') = (b') is trivial. 
